On geodesic equivalence of Riemannian metrics and 
sub-Riemannian metrics on distributions of corank 1 

Igor Zelenko* 



T-j- ; Abstract 

f^ . The present paper is devoted to the problem of (local) geodesic equivalence of Riemannian 

fSJ ' metrics and sub-Riemannian metrics on generic corank 1 distributions. Using Pontryagin 

Maximum Principle, we treat Riemannian and sub-Riemannian cases in an unified way and 
^ ' obtain some algebraic necessary conditions for the geodesic equivalence of (sub-) Riemannian 

metrics. In this way first we obtain a new elementary proof of classical Levi-Civita's The- 
[~^ ' orem about the classification of all Riemannian geodesically equivalent metrics in a neigh- 

borhood of so-called regular (stable) point w.r.t. these metrics. Secondly we prove that 
sub-Riemannian metrics on contact distributions are geodesically equivalent iff they are con- 
stantly proportional. Then we describe all geodesically equivalent sub-Riemannian metrics 
on quasi-contact distributions. Finally we make the classification of all pairs of geodesically 
(~| . equivalent Riemannian metrics on a surface, which proportional in an isolated point. This 
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is the simplest case, which was not covered by Levi-Civita's Theorem. 



1 Introduction 



Let us recall that two Riemannian metrics on a manifold M are called geodesically (or projec- 
tive) equivalent at a point go £ ^i if in some neighborhood of qq all their geodesies, considered 
as unparametrized curves, coincide. The notion of geodesic equivalence can be generalized di- 

!sr ■ rectly to sub-Riemannian metrics by replacing Riemannian geodesies by normal sub-Riemannian 

t:j- ! geodesies: 

^D I Let -D be a bracket-generating (completely nonholonomic) distribution on M . A Lipschitzian 

,^ ■ curve ^{t) is called admissible for the distribution D, if it is tangent to D almost everywhere, 

C^ . i.e., ^(t) G D(^^{t)^ a.e.. A sub-Riemannian metric G on L> is given by choosing an inner product 

Gg{-,-) on each subspaces D{q) for any q £ M smoothly w.r.t. q. Let || • \\g = y/Gq{-, •) be 
the corresponding Euclidean norm on D{q). For any admissible curve ^ : [0,T] h^ M its length 
w.r.t. the sub-Riemannian metric G is equal to L 11^(^)11^(4) ^t. Given two points qi and q2 one 
can look for the curve of minimal length among all admissible curves connecting qi with q2. This 

5^ \ problem can be obviously reformulated as a time-minimal control problem (for this one takes 

into the consideration only admissible curves parametrized by the length). The suh- Riemannian 
extremal trajectory w.r.t. the metric G is the projection to M of a Pontryagin extremal of this 
problem (which lives in the cotangent bundle T*M). 

In general, Pontryagin extremals can be normal or abnormal: the extremal is called ab- 
normal, if the Lagrange multiplier of the functional is equal to zero, and normal otherwise. 
The projection of normal (abnormal) Pontryagin extremal is called a normal (abnormal) sub- 
Riemannian extremal trajectory. Any abnormal sub-Riemannian extremal trajectory, considered 
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as unparametrized curves, is characterized by distribution D only, but not by the metric on it. 
Normal sub-Riemannian extremals surely depend on the metric. They can be described in the 
following simple way: Let h : T*M i— > R satisfies 

/i(p,g) = i(max{p(t;):||z;||, = l,«eD(g)})' qGM,pGT*M. (1.1) 

Then the normal sub-Riemannian extremal trajectories are exactly the projections on M of the 
trajectories of the Hamiltonian system A = h{\), lying on the ^-level set of h, i.e., on the set 
{A G T*M : h{X) = i}. 

Remark 1 The norm \\-\\q on Dq induces the norm on the dual space, which will he denoted 
also hy\\-\\q. Therefore taking the restriction p\£,iq\ of some covector p £ T*M one can rewrite 
U.l\) in the following form 

HP,Q) = \\\p\D{q)\\l qeM,peT*M. (1.2) 

Note that a Riemannian metric is actually the sub-Riemannian metric with D = TM and 
classical Riemannian geodesies are exactly normal extremal trajectories in this situation (here 
abnormal extremals do not exist). Note also that, as in Riemannian case, sufficiently small pieces 
of normal sub-Riemannian extremal trajectories are length minimizers (see, for example, |3], 
Appendix C there). Therefore we will call them in the sequel normal sub-Riemannian geodesies. 
The following definition is a natural extension of the notion of the geodesic equivalence from 
Riemannian to the general sub-Riemannian case: 

Definition 1 Two sub-Riemannian metrics given on a distribution D of a manifold M are 
called geodesically (or projective) equivalent at a point qo G M , if in some neighborhood of qo all 
their normal geodesies, considered as unparametrized curves, coincide. 

It is clear that if sub-Riemannian metrics Gi and G2 are constantly proportional, i.e., there 
exists a positive constant C such that G2q = CG2q for any q, then they are geodesically equiv- 
alent. The first appearing question is whether there exist constantly non-proportional geodesi- 
cally equivalent sub-Riemannian metrics? The simplest example of constantly non-proportional 
Riemannian metrics on a surface can be described as follows: Let P and S be a plane and a 
hemisphere in M^ such that equator of the hemisphere is parallel to the plane. Let Gi and G2 
be the metrics on P and S respectively, induced from the Euclidean metric on M^. Denote by 
F : S ^^ P the stereographic projection from the center O of the hemisphere (namely, if q £ S 
then F(q) is the only point on P lying on the straight line, which connects O and q). Then 
the mapping F sends geodesies of G2 (arcs of big circles on 5) to geodesies of Gi (straight 
lines on P). Therefore Gi is geodesically equivalent to G2 = {F^^)*G2, the pull-back of G2 by 
F^'^, but this metric are not constantly proportional. Moreover, as E. Beltrami showed in ^, 
a Riemannian metric on a surface is geodesically equivalent to the flat one iff it has a constant 
curvature. 

Let us introduced some notions, which are important for the considered problem. For a given 
ordered pair of sub-Riemannian metrics Gi, G2 and a point q one can define the following linear 
operator Sq : D{q) \-^ T){q): 

G2q{vi,V2) = Glq{SqVl,V2), Wl,f2 G D{q). 

Obviously, Sq is self-adjoint w.r.t. the Euclidean structure given by Gi. 



Definition 2 The operator Sq will be called the transition operator from the metric Gi to 
the metric G2 at the point q. 

Let N{q) be the number of distinct eigenvalues of the operator 5^. 

Definition 3 The point qq is called regular w.r.t. the pair of suh-Riemannian metrics Gi 
and G2, if the function N{q) is constant in some neighborhood of qq. 

Note that the regularity of the point go is equivalent to the fact that the set of multiplicities 
of eigenvalues of the transition operator Sq is the same for all points g from some neighborhood 
of go (in regular points were called stable). By standard arguments one can show that the 
function A^(g) is lower semicontinuous. This together with the fact that it is integer-valued 
implies the following 

Proposition 1 The set of regular points w.r.t. the pair of sub-Riemannian metrics is open 
and dense in M . 

For Riemannian metrics on an n-dimensional manifold all possible pairs of geodesically equiv- 
alent metrics in a neighborhood of a regular point w.r.t. these metrics were described already by 
Levi-Civita in [^ (see Theorem^below and also (3), who had extended the earlier result of Dini 
for surfaces (see jl],[S|) or jSj) to an arbitrary n. From this result it follows that Riemannian 
metrics, for which there exists at least one non-proportional geodesically equivalent Riemannian 
metric, are of the very special form. 

The classification of geodesically equivalent Riemannian metrics at non-regular points (i.e., 
points, where eigenvalues of transition operator bifurcate) even on a surface was not done, 
while the geodesic equivalence of proper sub-Riemannian metrics (i.e, when D 7^ TM and D is 
bracket-generating) was not studied before. In the present paper we treat both these problems. 

In the sequel for shortness (m, n)-distribution means an m-dimensional subbundle of the 
tangent bundle of an n-dimensional manifold. Our study of the geodesic equivalence of proper 
sub-Riemannian metrics will be mainly concentrated on the following two cases: 

\. D \s the contact distribution. Namely, D is a corank 1 distribution on an odd dimensional 
manifold such that if tj is a differential 1-form, which annihilates D, D{q) = {w G TqM : 
ojq{v) = 0}, then the restriction duj\D of the differential dco on Z) is a nondegenerated 
2-form at any g. In this case there are no abnormal Pontryagin extremals. 

2. D is the quasi-contact distribution. Namely, D is a corank 1 distribution on an even 
dimensional manifold such that if a; is a differential 1-form, which annihilates D, then 
the restriction dui\D of the differential dco on D has 1-dimensional kernel at any g. The 
kernels of dio\D form line distribution. We will call it the abnormal line distribution of 
the quasi-contact distribution D. Abnormal extremal trajectories of the sub-Riemannian 
metric G on D are exactly the leaves of this distribution, parametrized by the length. 

Clearly in both cases the germs of distribution D are generic germs of corank 1 distributions. 
Note also that in both cases there exists only one, up to a diffeomorphism, distribution satisfying 
the prescribed properties (a particular case of Darboux's Theorem). Actually, our method 
works for sub-Riemannian metrics defined on much more general distributions, for example, 
on so-called step 1 bracket-generating distributions: an {m, n)-distribution D is called step 1 
bracket-generating if dim D^^^ = dim Z)' + 1 for any 1 < I < n — m (here the Ith power D^ of 
the distribution D is defined by induction D = D + [D,D ]). The study of the problem 



of the geodesic equivalence for sub-Riemannian metrics on general step 1 bracket-generating 
distributions will be done in our future publications. 

The paper is organized as follows. In section 2 we show that the problem of geodesic equiv- 
alence of sub-Riemannian metrics can be reduced to the question of the existence of an orbital 
diffeomorphism between the corresponding flows of extremals. This reduction is obvious in the 
Riemannian case, but in the proper sub-Riemannian case it has some additional difficulties, 
especially in the presence of abnormal extremals. After this reduction we express the condition 
for the existence of the orbital diffeomorphism in terms of the special frame adapted to the 
pair of sub-Riemannian metrics. Further for step 1 bracket-generating distributions we obtain 
a necessary condition for the geodesic equivalence in terms of divisibility of some polynomials 
(on the fibers of the cotangent bundle of the ambient manifold) associated with these metrics. 
We call it the first divisibility condition. It imposes rather strong restrictions on the pair of the 
metrics. 

In section 3 we give the coordinate-free formulation of Levi-Civita's Theorem (Theorem ^ 
and prove it in a new, rather elementary way, using the conditions for the existence of the 
orbital diffeomorphism and the first divisibility condition. In section 4 for a sub-Riemannian 
metric on corank 1 distribution we obtain an additional necessary condition for the geodesic 
equivalence in terms of divisibility of some polynomials associated with these metrics. We 
call it the second divisibility condition. Using the conditions for the existence of the orbital 
diffeomorphism and the second divisibility condition we prove that sub-Riemannian metrics on 
contact distributions are geodesically equivalent iff they are constantly proportional (Theorem 
12)) and we give the classification of all geodesically equivalent sub-Riemannian metrics on quasi- 
contact distributions (Theorem |21). This classification is given in coordinate- free way and has 
apparent similarities with our interpretation of Levi-Civita's Theorem. This gives a hope for 
the existence of a general classification theorem about geodesic equivalence of sub-Riemannian 
metrics defined on very general class of distribution, which will contain as particular cases the 
cases considered in the present paper. 

Finally in section 5 for the Riemannian metrics on a surface we obtain the classification of 
geodesically equivalent pairs at a non-regular point (the point of bifurcation of the eigenvalues 
of the transition operator). Note that for generic pair of Riemannian metrics on a surface 
the set of points of their proportionality consists of isolated points. Therefore it is natural to 
consider the case when two Riemannian metrics on a surface are proportional in an isolated 
point. Some results of the global topological nature (namely, about the number of the points of 
proportionality for a pair of globally geodesically equivalent Riemannian metrics on a sphere) 
were obtained in ^, but the local classification surprisingly was not done before. The canonical 
conformal structure on a surface, associated with a Riemannian metric, plays the crucial role in 
this classification. Using this conformal structure and Dini's Theorem (Levi-Civita's Theorem in 
the case of a surface), one can associate any pair of geodesically equivalent metrics on a surface, 
which are proportional in an isolated point qq, with some (multiple- valued) analytic function 
in a neighborhood of qo with a singularity at qq. The analysis of this singularity gives us the 
required classification (Theorems El and EJ • 

2 Geodesic equivalence and orbital difFeomorphism of the ex- 
tremal flows 

2.1 Existence of the orbital diffeomorphism Let Gi and G2 be two sub-Riemannian 
metrics on a distribution D of a manifold M, || • ||i„ and || • ||2„ be the corresponding Euclidean 



norms on D(q), hi and /12 be the Hamiltonians, defined by (|1.1() . where || • \\q is replaced by 
II ■ lli«! i = 1, 2. Also let Hi and H2 be the i-level sets of hi and /i2 respectively, i.e. 

Hi = {Xe T*M : /ii(A) = i}. (2.1) 

Besides, for given distribution D and metric G on it denote by J^{D,G) the space of fc-jets of 
all C curves admissible to D and parametrized by length w.r.t. the metrics G. By definition 
the 1-jet J^{D,G) satisfies 

J\D,G) = {{q,v) ■.q€M,v€ D{q),\\v\\, = 1}. 

(k) 

For given curve 7 we will denote by Jl 7 the /c-jet of the curve 7 at the point to- 

Proposition 2 If for some neighborhood U of q^ in M there exist a fiberwise diffeomorphism 
^ : HinT*U h^ H2nT*U and a function a : Hii-^R such that 

$,/Ii(A) = a(A)/l2($(A)), (2.2) 

then the metrics Gi and G2 are geodesically equivalent at go- 

Proof. Indeed, ^ maps any trajectory of the system A = /ii(A), lying in Hi n T*U , to 
the curve, which coincides, up to reparametrization, with a trajectory of the system A = h2{\). 
Therefore in U any normal sub-Riemannian geodesies of Gi is, up to reparametrization, a normal 
sub-Riemannian geodesies of G2- D 

In the case of Riemannian metrics the relation 1)2. 2() is also necessary for the geodesic equiv- 
alence of metrics Gi and G2. Indeed, in this case there is only one geodesic passing through the 
given point in the given direction, and the map P^ : Hi >-^ J^{TM,Gi) defined by 

P,(A) =^ j'onie"^^) = (7r(A),7r,(/I,(A))), f = 1,2, (2.3) 

is a diffeomorphism (here we denote by vr : T*M 1-^ M the canonical projection and by e ' the 
flow generated by vector field hi, i = 1,2). So, directly by definition, if the metrics Gi and G2 
are geodesically equivalent at qo, then there is a neighborhood U of go such that the following 
diffeomorphism 

^(A) = (^2^)-' ( iipi(A)ll, ^'^^^) ' « = ^(^)' (2-^) 

is fiberwise, maps Hi n T*U to H2 n T*U and satisfies (J221) on Hi n T*U. 

Definition 4 A fiberwise diffeomorphism <I> defined on a nonempty open set B of Hi such 
that ^{B) C H2 is called the orbital diffeomorphism of the extremal flows of the sub-Riemannian 
metrics Gi and G2 on B, if it satisfies \2.'^) for any X £ B. 

Let us study the question, whether the existence of the orbital diffeomorphism is necessary 
for the geodesic equivalence of sub-Riemannian metrics. In the case of a proper sub-Riemannian 
metric (i.e., D ^ TM, D is bracket-generating) an entire family of normal sub-Riemannian 
geodesies passes in general through the given point in the given direction. So, in order to 
distinguish different normal geodesies, passing through a point, we need jets of higher order. 
Besides, the presence of the abnormal extremal trajectories causes to addition difficulties, as 



shown below. By analogy with H2.3() let us define the following mapping P^ : Hi h^ J^{D,Gi), 
i = 1,2: 

P^'\x)'='j',^{e'^^) (2.5) 

Then one can check without difficulties that: 

(2) 

a) if D is contact then the mapping P^ establishes the diffeomorphism between Hj, and its 
image; 

b) if D is quasi-contact, C is the abnormal line distribution of D, and the set Si C Hi is 
defined by 

Si = {X£Hr. pH>^) e C}, (2.6) 

(2) 

then the restriction of the mapping P^ on Hiq\Si establishes the diffeomorphism between 

(2) 

Hig\Si and its image, while the restriction of P^ on Si is constant on each fiber. 

Now denote by i^q{D, Gi) the set of all C°° admissible curves, starting at q and parametrized 
by length w.r.t. the metric Gi and let Jq{D,Gi) be the space of fc-jet of these curves at 0. 
Consider the mapping Ig : i^q{D, Gi) i-^ ^q{D, G2) which sends a curve 7 to its reparametriza- 
tion (w.r.t. the length of G2). Obviously , this mapping induces the diffeomorphisms Iq : 
Jq{D,Gi) I— > Jq[D,G2)- Collecting all such diffeomorphisms for any q we obtain a diffeomor- 
phism I^^^ : j''{D,Gi) h^ J^{D,G2). Then similarly to (|2.4jl we obtain that if the distribution 
D is one of the two listed in Introduction, and the sub-Riemannian metrics Gi and G2, defined 
on D, are geodesically equivalent at qo, then there exist a neighborhood U of qo such that the 
following mapping 

cl>(A) = (pf)-^/(2)op(2)(A), (2.7) 

is well defined on the set B, where B = HiCi T*U in contact case and B = {Hi n T*U)\Si in 
quasi-contact (here Si is as in 1)2. 6() ). Moreover, such $ is the orbital diffeomorphism on the set 
B w.r.t. the metrics Gi and G2. We have proved the following 

Proposition 3 // Gi and G2 are Riemannian metric or sub-Riemannian metrics defined 
on contact or quasi- contact distributions and if they are geodesically equivalent at some point 
qo, then for some neighborhood U of go there exists the orbital diffeomorphism of the extremal 
flows of the metrics Gi and G2 on some nonempty open set B in Hi n T*U, it{B) = U. In the 
Riemannian and contact case one can take B = Hi n T*U , while in quasi-contact case one can 
take B = {Hi n T*U)\Si, where Si is as in \2.f^) . 

Actually, there is an analogue of the previous proposition for sub-Riemannian metrics defined 
on much more wide class of distributions. To formulate it let us introduce some notations. 
Denote by AqQ{D) the set of all points q £ M which can be connected with go by abnormal 
extremal trajectory of the distribution D. For example, in Riemannian and contact case AqQ{D) 
is empty; in quasi-contact case Aqg{D) is the set Lqf^\{qo}, where Lq^ is the leaf of the abnormal 
line distribution, passing through go- 

Proposition 4 Suppose that the sub-Riemannian metrics Gi andG2, defined on the bracket- 
generating distribution D, are geodesically equivalent at the point go and for any neighborhood 
V of go the set V\AqQ {D) has positive Lebesgue measure. Then for some neighborhood U of go 
there exists the orbital diffeomorphism of the extremal flows of the metrics Gi and G2 on some 
open set B in HiH T*U, tt{B) = U. 

Remark 2 Actually in the previous proposition one can replace the set Aq^ {D) by the set of 
all points q €z M which can be connected by abnormal extremal trajectory, having minimal length 
w.r.t. the metric Gi (or G2) among all admissible trajectories with endpoints go and q. 



Since in the present paper we solve completely the problem of geodesic equivalence only in 
the cases, considered in Proposition|21 we postpone the proof of Proposition |1] and the statement 
in Remark 121 to the future paper. 

2.2 The orbital diffeomorphism in terms of the adapted frame to the pair of 
metrics. Suppose that D is an {m, n)-distribution on a manifold M. Let qq be a regular point 
w.r.t. the metric Gi and G2 (see Definition ISJ. It is simple to show that the regularity of 
the point qq is equivalent to the fact that the set of the multiplicities of the eigenvalues of the 
transition operator Sq is the same for all points q from some neighborhood of qq. Therefore 
in some neighborhood U of qq one can choose the basis [Xi, . . . ,Xm) of the distribution D 
orthonormal w.r.t. the metric Gi such that each Xi{q) is eigenvector of the transition operator 
Sq, q G V . Such basis of D will be called the adapted basis to the ordered pair of metrics 
(Gi, G2) on a set U. A frame (^1, . . . , Xn) will be called the adapted frame to the ordered pair 
of sub-Riemannian metrics (Gi, G2) on a set U, if the tuple [Xi, . . . , Xm) is the adapted basis 
of D w.r.t. (Gi,G2) onU. 

Let us express the relation (|2.2|) for the orbital diffeomorphism in terms of some adapted 
frame {Xi, . . . , Xn) . Let Ui : T*M 1-^ M be the " quasi- impulse" of the vector field Xi, 

u,{p,q)=p{Xi{q)), qeU,peT*U. (2.8) 

For given diffeomorphism <I> defined on an open set of T*M denote by 

$■ = u- o $, l<i<n. (2.9) 

Suppose also that for any i, 1 < i < m, the eigenvalue of the transition operator Sq, correspond- 
ing to the eigenvector Xi(q), is equal to af{q). 

Lemma 1 If ^ is the orbital diffeomorphism of the extremal flows of the metrics Gi and 
G2 on an open set B C Hi n T*U , then the functions ^i with 1 < i < m satisfy 

afui 



$i = , ^ l<i<m. (2.10) 

^m 2 2 

Proof. Since by construction the tuple {Xi, . . . ,Xm) constitute an orthonormal basis of the 
distribution D w.r.t. the metric Gi, the Hamiltonian hi satisfies hi = ^ Xlil^i ''^1^ ^^*^ 

mm m 

hi=^UiUi, 7rSi=^UiXi, Hi = heT*U :J2^1 = A (2-11) 

i=l i=l i=l 

(here vr : T*M 1-^ M is the canonical projection). Let Xi be 

Xi = —Xi, l<i<m, (2.12) 

ai 

and Ui{p,q) = p[Xi{q)) be the corresponding quasi-impulses. Then 

Ui = —, l<i<m, (2.13) 

ai 

Note that by construction (Xi, . . . ,Xn) is the orthonormal basis of D w.r.t. the metric G2. 
Hence, similarly to (|2.11|) . we have /12 = X^i^i^jUj, which together with (|2.12|1 and (|2.1.S|) 
implies that 

m m m 2 

vr,K2 = ^^X,, H2 = {xeT*U:Y,^i='^} = {^^T*U:Y,^ = '^} (2-14) 



Suppose that $ is the orbital diffeomorphism on some set B, satisfying ()2.2() for some function 
a. Then by definition ^{X) G H2 for any X € B. This together with (|2.9() and (|2.14|) imphes 
that 

E:i = l- (2.15) 



-l'^^ 



Further from the fact that ^ is fiberwise and (|2.1H) it follows that 

m 

(vr* o ^^)hi{X) = 7r*/ii(A) = y^^UjXj. 

1=1 

On the other hand, (|2.9|) and (|2.14j) imply 

m T 

From the last two relations and H2.2() it follows that 

a^i = a^Ui, 1 <i <m 
From this and ()2.15|) it follows easily that 



\ fc=i 



(2.16) 



which implies (|2.1()|) . D 

Now we will find the relation for the remaining components ^i, m + 1 < i < n, oi ^. Let 
c^j be the structural functions of the adapted frame {Xi, . . . ,X„), i.e., the function, satisfying 
[Xj, Xj] = J2 '^%^k- Let the vector fields Xi, 1 < i < m, satisfy ()2.12|) and set 



Xi = Xi, m + 1 < i < n. 



(2.17) 



Note that by construction {Xi, . . . , X„) is the adapted frame w.r.t. the ordered pair {G2, Gi). 
Let c^j be the structural functions of the frame {Xi, . . . ,Xn). The following functions will be 
very useful in the sequel together with function a, defined by (|2.16|) : 



def It- , 2\ , 2r / \ ^ 2 ^1 (« ) 

Kj = -ni[aj)Uj + a •n,i(njj auj 



2-^ ' a2 



y^ c'jiOiajakUiUk, 

l<i,k<m 



m 
def s^ I. 






iOiiUi 



(2.18) 



(2.19) 



i=l 



Lemma 2 A map <l> is the orbital diffeomorphism on a set B of the extremal flows of the 
metrics Gi and G2 iff on B the functions $fc with m+1 < k < n satisfy the following relations: 



VI < i < m : aj Y] Qjk^k = — 

k=m+l 

n ^ m 

Vm+l<s<n: hi{^s) - ^ Qsk^k = - y^ QskOkUk- 



(2.20) 
(2.21) 



k=m+l 



k=l 



Proof. In the sequel we set 

Vm + l<n: at = I. (2.22) 

Denote by Yi the vector field on Hi, which is the lift of the vector field Xi (i.e., vr,,!^ = Xi), 
and dujiYi) = VI < j < n (i.e., Yj is horizontal field of the connection on T*M defined by 
distribution, satisfying dui = . . . = dun = 0). Similarly, let Yi be the vector field on H2., which is 
the lift of Xi and dujiYi) = for all 1 < j < n. Note also that the tuple (wi, . . . , Un) defines the 
coordinates on each fiber T*M of T*M. So, one can define the vector fields (?„. , 1 < z < n, as 
follows: dui is vertical (i.e., tangent to the fibers of T*M) and duj{dui) = 6ij for all j = 1, . . . n, 
where 5ij is the Kronecker symbol. In the same way one can define the fields du^- With this 
notations, using (|2.12|) and l|2.13|) . VI < i < n one can easily obtain the following relation : 

du,=aidu,, % = -iY, + f2^^^^u,du] (2.23) 



Oi \ ^ ai 



Besides, by standard calculations, we have 



/ii = ^ UiUi = ^ UiYi + X] X^ c'jiUiUkduj, (2.24) 

1=1 i=l 4=1 j,k=l 



m m 



^2 = X] UiUi = ^ UiYi + ^ X^ c'jiUiUkduj ■ (2.25) 

i=l 1=1 4=1 j,k=n 



Substituting (j2T;3j) and (|2:23|) into (|2:25|) . we obtain 

/i2 = V -^Yi + V ' ^ UiUjdu, + y^ y^ -^^-^UiUkdui- (2.26) 

4=1 ' 4J = 1 4 = 1 J,k=l 

This together with (|2.1()|) implies easily that 

m m ^ m 

/i2(^(A)) = a~^ ^UiYi + a^"^ X](2^i("j)^i + ^ c^iaiajakUiUkjdu^ + 

i=l j=l i,k=l 

m n m n m m 

a"^^ ^ ^Y^c^iaiUjUif^kduj + ^ ^fa"^ ^cjjajafc^ii'"fc+ (2.27) 



a-i Y, ciaiUi^k)dus, (2.28) 

fc=m+l 

where a is as in 1)2. 16() . On the other hand, from the fact that $ is fiberwise and relation (|2.1U|) 
it follows that 

4=1 j=i \^JYT=i(^Wi I i='"+i 

Using relations ()2.27|) and 1)2. 29() . it is not hard to check by direct calculations that 1)2. 2() holds 
iff both (|2.2()j) and (|2.2H) hold, which concludes the proof of the Lemma. D 



2.3 The first divisibility condition. LetXi : D{q)* i-^ D{q) be the canonical isomorphism 
w.r.t. the inner product Gig(-,-), namely, l{-) = Gig{Ii{£),-) Ml G D{q)*. Define the following 
function V : T*M ^ M: 

V{p,q)=(\\li{p\Di,))\\,^)', qeM,peT*M (2.30) 

(here || • 112, is the Euclidean norm on D{q) corresponding to the inner product G2q{-, ■), p\D{q) 
is the restriction of covector p £ T*M on the subspace D{q)). Obviously, the restriction ofV on 

each fiber T*M is a degree 2 homogeneous polynomial, while the restriction of hiiV) on each 
fiber T*M is a degree 3 polynomial. Besides, in a neighborhood of the regular point 

m 

r = a^ = Y^a^ul (2.31) 

where (ui, . . . ,Um) are quasi- impulses of the vectors of the adapted basis (Xi, . . . Xm) to the 
order pair (Gi,G2) and af are eigenvalues of the transition operator Sg, corresponding to the 
eigenvectors Xj. 

Definition 5 We will say that the ordered pair {Gi,G2) of sub-Riemannian metrics on the 
distribution D satisfies the first divisibility condition on a set U, if the polynomial hi{V)\T*M is 
divided by the polynomial V\t*m for any q & U. 

Proposition 5 Let D be an {m,n)- distribution on a manifold M such that 

\/l<s<n-m + l, dim.D'' = m + s-l. (2.32) 

Suppose also that for given two sub-Riemannian metrics Gi and G2 on D and for some open 
set U of M there exists an orbital diffeomorphism of the extremal flows of these metrics in some 
open set B in Hir\T*U , it{B) = U. Then the pair (Gi, G2) satisfies the first divisibility condition 
on U. 

Proof. Since the set of regular points is dense ( Proposition ^ it is sufficient to prove the 
first divisibility condition for a regular point go w.r.t. the pair (Gi,G2). Therefore in order to 
obtain the first divisibility condition we can use Lemmas ^ and |2 Note also that by 1)2. 18(1 the 
function Rj has the following form on each fiber: 

Rj = —-UjUj — — h polynomial (2.33) 

^ / 

First suppose that D = TM (in this case the assumption ()2.32|) holds automatically). Then 
the identity (|2.2fl|) is equivalent to the identity Rj = 0, 1 < j < n, which holds on open set B 
in Hi n T*U with vr(i3) = U and therefore on the whole T*U. Hence from ()2.33|) it follows that 
Uj p ' , has to be a polynomial, which implies easily that the polynomial V has to divide the 
polynomial hi(V), i.e., the first divisibility condition holds. 

Now consider the case D 7^ TM. By assumption (|2.32|) . we can complete the adapted basis 
{Xi, . . . , Xfn) to the adapted frame such that 

Vm + 1 < s < n Xse D^-"^+i (2.34) 
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Then D^ = span(Xi, . . .X^+i), which imphes that there exist indices i,j, 1 < i,j < m, such 
that c~^ (qo) ^ 0, while c^- = for all 1 < i,j < m and k > m + 1. In other words, 

\/k,j : k>m + l,l<j <m Qjk = (2.35) 

3j:l<j<m, gj„_,i ^ (2.36) 

(see (|2.19|) for the definition of the functions Qjk)- Then from (|2.2fl|l it follows that 

^m+i = ^~' ^ . (2.37) 

Using H2.33() . we obtain 

^m+i = -n«Pj ^ ^ ^3/2 + ^ ^ polynomial (2.38) 

on each set i3 n T^M, q£U. 

Further, from assumption (|2.32|) it follows that c^^ = for any k, s, i such that m < s < k 
and 1 < i < m. On the other hand, there exist i, 1 < i < m, such that c^t 7^ 0. In other words, 

VA;, s:m<s<A; Q^fc+i = (2.39) 

\/s:m<s<n-l Qss+i^O- (2.40) 

Hence by H'2.21[) . applied for s = m + 1 — 1 with 2 < I < n — m, one has 

m+l—l m 

^m+l = Q^+l^lrn+li^^i^^+l-l) - ^ Qm+l-lk^k - ^-^''^^Qm+l-l^kakUl^ ■ (2.41) 

fc=m,+l k=l 

Then by induction from ()2.38() and 1)2. 41() it is not difficult to get the following relation for any 
2 <l <m — n 

^ (-1)^(2/ -l)!!aj^j(/Ii(P))' polynomial 

on each B n T*M, q e U. Substituting the expression for ^m+i from (|2.42l) to identity (|2.2ip 
with s = n one can obtain without difficulties that 

u-j[hi{V)Y~'^'" ^ polynomial ^^ 

^jm+1' lli=l ^m+im+i+1 ^jm+1 lli=l ^m+im+i+1 

or, equivalently 

on each set B n T*M, q £ U. Note that the left-hand side of 1)2. 44() is rational function. Hence 
from (|2.44() it has to be polynomial. Note also that V is positive definite quadratic form (see 
(|2.31j) '). while the functions Qjk are linear (with real coefficients) on each fiber. Therefore from 
1)2. 44() it follows easily that the polynomial V has to divide the polynomial /ii('P), i.e., the first 
divisibility condition holds. The proof of the proposition is concluded. D. 

Note that if D is contact, quasi-contact, or D = TM, then the assumption (|2.32j) of the 
previous proposition holds. So, as a direct consequence of Proposition |21 and the previous 
proposition, we have the following 
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Corollary 1 Suppose that two metrics Gi and G2 defined on the distribution D are geodesi- 
cally equivalent at the point qq. Assume also that the distribution D satisfies one of the two 
following conditions: 

1. D = TM (the Riemannian case); 

2. D is corank 1 contact or quasi-contact distribution; 

Then the pair {Gi,G2) satisfies the first divisibility condition on U . 

So, in the cases under consideration the first divisibihty condition is necessary for the geodesic 
equivalence. In the next proposition we collect all information from the first divisibility condition, 
which will be used in the sequel. It shows that the first divisibility condition imposes rather 
strong restrictions on the pair of the metrics. 

Proposition 6 Suppose that the metrics Gi and G2, defined on the distribution D, satisfy 
the first divisibility condition on some set U . If {Xi, . . . Xm) is a basis of D adapted to the order 
pair {Gi,G2), and the transition operator Sq has the form Sq = diag(af(g), . . . ,a^(g)) in this 
basis (at > 0), then the following relations hold 

(2.45) 

(2.46) 

(2.47) 

(2.48) 

{cij — ctf)cji + {a'j — ctl)cji^ + {a'f — cik)(^ik ~ ^' ^'.?' ^ ^^^ pairwise distinct. (2.49) 

(in all relations above 1 < i,j,k < m). 

Proof. As before let us complete the adapted basis {Xi, . . . Xm) of D somehow to the local 
frame. Prom (|2.24|) and (|2.,3H1 by direct calculation one has 

m m n 

On the other hand by the first divisibility condition there exist functions Pi{q), 1 < i < n, such 
that 

n m 

Mr) = {Yp^n?j(J2c^h')■ (2-51) 

Relation (|2.49l) follows immediately from comparing the coefficients of UiUjU^ in the right- 
hand sides of (|2.5UI) and 1)2. 51() . where i,j, k are pairwise distinct and 1 < i,j,k < m. 

Further, comparing the coefficient of UiUjU^ in the right-hand side of (|2.5U|) and (|2.51|) . where 
^ ^ i ^ j ^ in and k > m, we have 

c''ji{a'f - a]) = (2.52) 
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[Xi,X,]{q)iD{q) => ai{q) = aj{q); 




( o?\ 


f^'i\ 

Xi -^ =0, 


OLi ^ aj 


x,(^]=o, 


aj / ai,ak / af, 


^„2 2\k , I, 


,2 „2\J , / 2 „2 



Therefore, if [Xi,Xj]{q) ^ D{q), then there exists k > m such that c'j^{q) ^ 0, which imphes 
that aiicj) = aj{q). Relation ()2.45|) is proved. 

Further, comparing coefficients of uf in the right-hand sides of (|2.5()|) and (|2.51|) we obtain 
that 

P. = ^, (2.53) 

(X- 

while comparing coefficients of Uiu'^ with i ^ j and using (|2.53|) one obtains easily that 



a^Xi{a]) - a]Xi{a\) = 2c^-^{qI - a])al (2.54) 

The last equation implies (|2.46|) . 

In order to prove (|2.47j) note that we can obtain one more relation in addition to (|2.46|) . 
starting with the metric G2 as the original one and using transition from the metric G2 to the 
metric Gi . Namely, if Xi is as in ()2.12l) then by analogy with (|2.54() we have 

a\Xi{p?j) - a]Xi{a^i) = 2c'--{af - a^j)al (2.55) 

Obviously, Oj = ^. Also, by (|2.12|) one get easily that 

c^, = ^-^^. (2.56) 

Substituting the last two relations and (|2.12() into 1)2. 55() it is not difficult to get the following 

afXj(a|) - ajXi{a'^) = 2aj {{ctjc'j^ - Xi{aj)) {of - a|) (2-57) 

Then combining 1)2.54(1 with (|2.57() and using the fact that aj 7^ aj one get 

^>' = 2^ (^^^«> 

Substituting the last relation again in (|2.54() we have 

2ajXi{a]) - a]Xi{af) = 0, 
which is equivalent to (|2.47() . Relation ()2.48|) follows immediately from (|2.47l) . 

Corollary 2 If D is a bracket- generating {2, n)- distribution, n > 2, and the metrics Gi 
and G2, defined on D, satisfy the first divisibility condition, then they are proportional, namely 
G2,=a{q)Gi^. 

Proof. Since D is bracket-generating, the set Vi of points q with 

d[mD^{q)=3 (2.59) 

is open and dense. By Proposition ^ the intersection V2 of this set with the set of all regular 
points w.r.t. the metrics Gi and G2 is also open dense. Therefore it is sufficient to proof the 
corollary for the points of V2- From regularity it follows the existence of the adapted frame 
(Xi,X2). So, we can apply the previous proposition. By (|2.59|) . [Xi,X2] D. Hence from 



()2.45j) it follows that ai = 02, which completes the proof of the corollary. D 

Suppose that D is a step 1 bracket-generating (2, n)-distribution (diraD^^ = diuiD + 1 for 
any 1 < I < n — m). It can be shown easily that D satisfy the assumptions of Proposition^ 
Therefore by Propositions 0J El and Corollary El we have the following 
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Proposition 7 Suppose that two sub-Riemannian metrics Gi and G2 are defined on a step 
1 bracket- generating [2 ^n)- distribution, where n> 2. If they are geodesically equivalent at some 
point qo, then they are proportional, namely G2q = a{q)Gi^ in some neighborhood of qo. 

Our conjecture is that the factor a{q) in the previous propoposition has to be constant, but 
we can prove it still only in the case n = 3 (see Corollary El below) . We finish this section with 
the following useful lemma 

Lemma 3 Suppose that the metrics Gi and G2, defined on an {m,n)- distribution D, satisfy 
the first divisibility condition at some neighborhood U of a regular point qQ. If {Xi, . . . Xm) is 
a basis of D adapted to the order pair {Gi,G2), and the transition operator Sg has the form 
Sq = diag(af(g), . . . ,a^(g)) in this basis (ai > 0), then the functions Rj, I < j < m, defined 
by \2.1^) . can be written in the following form 

m V ^ 2\ "^ 2 4 

Rj = E(i - ^^■*)((«' - ^H^ - -^y^ + E(i - ^^^'^^H^h''^ + 

mm rn n 

^^{l-5ik){a^j-al)c'^iUiUk + a^jY^ ^ c^iUiUk- (2.60) 

«=1 fc=l «=1 fc=m+l 

(here 5ij is the Kronecker symbol). 

The relation can be obtain without difficulties by substitution of (|2.53)) . (|2.5(i)) and the following 
obvious identity 

Ci 1 = Cj j i^j, k are pairwise distinct (2-61) 

into frmi . 

3 The case of Riemannian metrics near regular point 

In the present section, using the technique developed above, we give a new proof of classical 
Levi-Civita's Theorem about the classification of all Riemannian geodesically equivalent metrics 
in a neighborhood of the regular points w.r.t. these metrics (see |1], [Z])- This proof is rather 
elementary and transparent from the geometrical point of view. Some crucial ideas of this proof 
will be used in the next section for obtaining the corresponding classification for sub-Riemannian 
geodesically equivalent metrics on quasi-contact distributions. 

Here we prefer the coordinate-free formulation of Levi-Civita's Theorem, which in our opin- 
ion clarifies the statement of it. But before let us introduce some notations and prove some 
preparatory lemmas. 

Let Gri and G2 be Riemannian metrics on an n-dimensional manifold M. Let qo be a regular 
point w.r.t. these metrics. Suppose that {Xi,...Xn) is a frame adapted to the order pair 
(Gi, G2) in some neighborhood of qo, and the transition operator Sg from the metric Gi to the 
metric G2 has the form Sg = diag {a1{q), . . . , a^(g)) in this basis (oj > 0). 

Let Rj, 1 < j < n, be as in (|2.18|) . Propositions El El and Lemma (21 imply the following 

Lemma 4 Two Riemannian metrics Gi and G2 are geodesically equivalent at a regular point 
qo if and only if there exist some neighborhood U of qo such that the following identities hold on 
T*U 

Vj : 1 < j < n Rj = 0. (3.1) 
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Further, let {Ai,...,AAr} be the set of all distinct eigenvalues of Sq, A^ > (from the 
regularity the number of these eigenvalues is constant for all q from some neighborhood of qq). 
Denote by 

/^ = {i : 0-2 = AJ 1 < s < iV (3.2) 

Denote also by Dg the following rank |/s| -distribution 

Ds = spanjXjie/^, 1 < s < iV (3.3) 

Lemma 5 // two Riemannian metrics Gi and G2 are geodesically equivalent at a regular 
point qo, then the distribution Dg is integrable in a neighborhood of q^. 

Proof. By Lemma |1] identities ()3.1() hold. Taking the coefficient of UiU^ from 1)2. 6U() . by 
(|3.H) one has 

[aj — OL^.)cji + {uj — a^)cji^ = 0, i,j,k are pairwise distinct. (3.4) 

If ai = aj and Qj / a^, then from the last relation (a^ — a\)c^,j^ = 0, which implies that c^^ = 0. 
In other words, if i,j G /g, then [Xj,Xj] S Dg. So, Dg is an integrable distribution. D 

Lemma 6 // two Riemannian metrics Gi and G2 are geodesically equivalent at a regular 
point q^, then the distribution 



Ds,i = span{Ds, Di) = spanlXij 



is integrable in a neighborhood of go for all s,l , 1 < s ^ I < N. 

Proof. By the previous lemma it is sufficient to prove that for any three indices i,j,k with 
pairwise distinct a^, aj, and a^ we have c^'j 7^ 0. Making the corresponding permutation of 
indices in (|3.4|) . we obtain one more relation 

— {aj — aj^)cji + (oj — aj)clf^ = 0, i,j, k are pairwise distinct. (3.5) 

Combining (|3.4j) . (|3.5j) . and (|2.49|) . we obtain the system of three linear equations w.r.t. c^^, c*^, 

and c'-f, with the determinant equal to 2(a? — a'^){af — a|)(a| — a^), which implies that c^^ = 0. 

D 

From the previous lemma by standard arguments one has the following 

Corollary 3 // two Riemannian metrics Gi and G2 are geodesically equivalent at a regular 
point qo, then in some neighborhood U of the point qo there exist coordinates (xi,...x„) such 
that 

Vs : 1 < s < p Ds = {dxi = 0}i^i^. (3.6) 

In other words, in this coordinates the leaves of the integrable distribution Ds are \ I s\- dimensional 
linear subspaces, parallel to the coordinate {xi}i^i^-subspace. 

For any s, 1 < s < N, denote by J-'s the foliation of the integral manifolds of the distribution 
Dg- Let TsiQo) be the leaf oi Tg, passing through the point q^. Also, let U be the neighborhood 
of qo from Corollary|21 Then for any s, 1 < s < N, one can define a special map prg : U >-^ J-s{qo) 
in the following way: the point prs{q) is the point of intersection of J' silo) with the integral 
manifold of the distribution span{Di : I < I < N,l ^ s}, passing through q. In the coordinates 
of Corollary 131 with go = (0, ...,0) the map prg is the projection on the coordinate {xj}ig/^- 
subspace (which preserves all coordinates Xi, i £ Ig). Now we are ready to formulate Levi- 
Civita's Theorem: 
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Theorem 1 (Levi-Civita) Two Riemannian metrics Gi and G2 are geodesically equivalent 
at a point qq if and only if for any s,l<s<N,ona manifold J^siQo) there exist a Riemannian 
metric gs and a positive function f3s, which is constant i/dim Ts > 1; such that (3s{qq) 7^ PiiQo) 
for all s ^ I and in some neighborhood of qq the metrics Gi and G2 have the following form 



N 



Gi = Y,ls{prsrgs, (3.7) 

s=l 

N 

G2 = Y.Xsls{prsT9s, (3.8) 



where 

N 



Xs = {Psoprs)ll{Plopri), (3.9) 



1=1 



^^ = U.\mh;rs-7irhrs- (^-lo) 



l^s 



Wiopri) {(5soprs) 



Proof. We start with the proof of the "only if part. Below we work in the coordinate 
neighborhood U of Corollary |31 First let us prove the following 

Lemma 7 For any s, 1 < s < N, there exist a metric gs on Ts and some function 7^ such 
that fOD holds. 

Proof. Since by construction for any si 7^ S2 the distributions Ds^ and Dgj ^^^ orthogonal 
w.r.t. the metric Gi, the relation (|3.7j) is equivalent to the fact that for any s, 1 < s < A^, there 
exists the metric gs on J^s and the function 7^ such that 

yreDsiq) Gig = js9spr,q{{d{prs)gY) (3.11) 

If dim .7^5 = 1 (or, equivalently, \Is\ = 1), then relation p. 11(1 holds automatically for some gs 
on J^s and some function 7^, because all quadratic forms of one variable are proportional. Let 
us prove (|3.11|1 in the general case. First, as gs we can take the restriction Gi 

J='s{qo), i.e., 

a. = G 



of Gi to 



(3.12) 

y^s(qo) 

Fix some point qi G ^s{qo) and denote by Gs{qi) the integral manifold of the distribution 
span{Di : 1 < I < N,l j^ s}, passing through qi. Fix some vector v G Ds{qi) such that 
gs{v,v) = 1. By construction for any q G Gsili) there exist a unique vector Yy{q) G Ds{q) such 
that d{prs)qYy{q) = v. Denote by e^, the following function on Gs{<li) 

ev{q) ''= Gig{Y,{q),Y,{q)), q G Gsiqi) (3.13) 

It is clear that the relation (|3.1H) is equivalent to the fact that the function e^ does not depend 
on the choice of the unit vector v from Ds{qi). Then in order to obtain 1)3. 11() on GsiQi), we will 
put 

7s = e^,• (3.14) 
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Let us prove that the function e^ does not depend on unit vector v from Ds{qi). Fix some I ^ s 
and some vector field Z S Di, which is unit w.r.t. the metric Gi, i.e. Gi{Z,Z) = 1. For some 
j G Is, i & Ii take an adapted frame {Xi, . . . , Xn) such that 

Xjiq)=e;;^/^Y,{q), yqeGsiqi), (3.15) 

Xi = Z. (3.16) 



First by construction one has 



c], = 4^ ^'-''^ 



Indeed, let (xi, . . . ,x„) be coordinates of Corollary |31 and suppose that v = Ylk&h '^k^-- Then 
by (|3.15() on Qs{(li) the fields Xj with j G Ig have the form 

X,=e-V2^^;,^, (3.18) 

while by construction Xi E span ( -^_ ) _ , which together with (13.181) implies (13.171) . On the 
other hand, by ()2.46() we have 

where as before Xs{q)i '^/(9) are the eigenvalues of the transition operator Sq, corresponding to 
the eigenspaces Ds{q) and Di{q). So, from ()3.17() . (|3.19|) . ()3.16|) . and definition of e^ it follows 
that 

Sviqi) = 1 (3.21) 

The right-hand side of ()3.2U() does not depend on the choice of the vector v. Hence from ()3.2U|) - 
(|3.21j) it follows that on the curve e* gi the function e^ does not depend on the choice of the 
vector V. Note that any point of GsiQi) can be connected with qi by some finite concatenation 
of the integral curves of the fields itZ, where Z € Di, I ^ s. Therefore by induction on the 
number of "switches", one gets from ()3.20() that on the manifold GsiQi) the function e^ does not 
depend on the choice of the vector v. Defining 7^, as in (|3.14|) . we obtain (|3.11|) on Gs{qi) and 
hence on U, which completes the proof of Lemma |7|n 

Lemma 8 There exist functions (5s on J-siQo) such that \3. .9)) holds. 

Proof. Let, as above, (xi, . . . ,Xn) be some coordinates from CorollaryEl Denote by Xs the 
following I Is I -tuple: 

Xs = {xi}^^i^. (3.22) 

Since by construction 

d 

span{Xi}g/^ = span{— }ig/^ = Dg, (3.23) 
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relations (|2.47|) and (|2.48l) are equivalent to the following relations respectively 

Vl<.^;<iV,../,: |-(f)=0. (3.24) 

'^l<s,l,r<NJ^s,r^s,i€ls: t^ ( T" ) = 0. (3.25) 

OXi \ArJ 

First suppose that N = 2. Then from 1)3.24(1 there exist functions (3s{xs), s = 1,3 such that 

^=HX2), ^ = ^i(xi), (3.26) 

Ai A2 

which easily implies (|3.9() . if we take Pi = J3^ , [32 = P2 ■ -^^^ A^ > 2 a standard analysis of 
conditions ()3.25|) implies that there exist functions l3s{Xs) such that 

Substituting the last relation in (|2.47l) one can obtain easily that 

d fUq)\_^^ jGliJ^s (3.28) 



dxj \Piixi) 

Using standard arguments of "separation of variables" for the last equations, one can easily 
conclude that there exist a function cr{xs) such that 

K = ^{Xs)llPi{xi)- (3.29) 

Substituting the last equation to (|3.27j) we obtain that 

^s(Xs) ^ PsiXs) 

Mxi) dKxiV 

which in turn implies that Uj = C/3? for some constant C > 0. Replacing functions /3j by k(3i 
for some constant fe > one can make C = 1. So, 

N 

K = Ps{Xs)\{l3i{xi). (3.30) 

1=1 

which is equivalent to H3.9|) . D 

Lemma 9 //dim.F5 > 1, then As is constant on each leaf of the foliation J-g 

Proof. Taking the coefficients of u^, i ^ j , from (j2.6()j) and using ()3.1j) . we obtain the 
following relation 

Xj{a}) = 2c],{a]-a^,) i^j. (3.31) 

Note that identity (|3.31() is stronger than identity ()2.58|) : in the first identity we assume that the 
corresponding indices are different, while in the second one we assume that the corresponding 
eigenvalues are different. Take any pair of indices i,j S Ig such that i ^ j (by assumption \Is\ > 1 

-I /o 

it is possible). Applying H3.31() and using the fact that Oj = aj = Xg , we get Xj{Xs) = for 
any j £ Ig, which implies the statement of the lemma. D 
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Remark 3 The functions (3s from relation icl.y\) have the intrinsic meaning, because they 
can be expressed by the eigenvalues of the transition operator Sq in the following way 



N-l , , _ 2 



/3,opr, = Ar'(nAi) "'^^ (3.32) 

From the previous lemma and H3.9|) it follows immediately the following 

Corollary 4 /f dim^^ > 1, then the function Ps is constant. 

To complete the "only if part it remains to prove relation (|3.10j) . For this, combining (|3.14|) . 
H3.17|) . and (|3.19|1 . then taking into account H3.23|) and 1)3. 27() . one obtains without difficulties 



yi<s^l<N, i£lr. ^— ln7, = -- In 

oxj ox, 



i/J l-'J^l 



PsiXs) ^ 



Piixi) 



(3.33) 



Again using standard "separation of variables" arguments we get from the last relations that 
there exist one- valuable functions ujs{Xs) such that 



Is = UJsUs)Y{ 



1 1 



PliXl) PsiXs) 



(3.34) 



Finally note that by a change of coordinates of the type Xs ^^ FsiXs) we can make w^ = 1 for 
any 1 < s < A^, which together with 1)3. 34|) implies (|3.1U|) . This completes the proof of the "only 
if part. 

Note that in the proof of the "only if part we actually have used all information, which can 
be obtained from relations ()3.1|) (the only group of coefficients in 1)2. 6U() that we did not exploit 
are coefficients of UiUj with i ^ j, but the identities that they produce from (|3.H) are equivalent 
to identities 1)3. 31() . which was obtained by exploiting another group of coefficients). Therefore 
by Lemma the conditions of the theorem are not only necessary, but also sufficient. The proof 
of the theorem is completed. D 

For metrics on surfaces Levi-Civita's theorem is called also Dini's Theorem, because Dini 
obtained it first in [2]. 

4 The case of corank one distributions 

In the present section we investigate the problem of geodesic equivalence of sub-Riemannian 
metrics on a distribution D of corank 1, especially, if D is contact or quasi-contact. From the 
beginning we work in the neighborhood of regular point qq, extending then the results to the 
non-regular points by the limiting process, when it is possible. 

Let the functions Rj and Qj^ be as in ()2.18|) and ()2.19|1 respectively. All these functions are 
polynomials on the fibers. In general, these functions depend on the choice of the adapted frame 
to the pair of the metrics (Gi, G2). 

Definition 6 We will say that the ordered pair {Gi,G2) of sub-Riemannian metrics on the 
distribution D satisfies the second divisibility condition on an open set U , if there exist an adapted 
frame to the pair {Gi, G2) in U such that for any q ^ U on the fiber T*U the polynomial Rj is 
divided by the polynomial Qjm+i for any index j such that Qjm+i ^ on T*U , 1 < j < m. 

19 



Note that c"J+^ = ^— c^^^ for any i, j such that l<i< j. Therefore 



Q,>„+i = -f;c-+^n,. (4.1) 






Proposition 8 Suppose that for given two sub-Riemannian metrics Gi and G2 on corank 1 
distribution D and for some open set U of regular point qq there exists an orbital diffeomorphism 
of the extremal flows of these metrics in some open set B in Hi n T*U , it{B) = U . Then the 
pair (Gi,G2) satisfies the second divisibility condition on U. 

Proof. Fix some index j, 1 < j < m, such that 

Qjm+l ^ 0. (4.2) 

Substituting (|2.37|1 into (|2.21j) we obtain 

hi{Qjm+i)Rj polynomial 

or, equivalently, 

polynomial. (4-3) 



Vhi{Qjm+l)Rj 



Positive definite quadratic form V cannot be divided by Qjm+i, which is linear function with 
real coefficients. Let us prove that Qjm+i does not divide hi{Qjm+i)- Assuming the converse, 
one can conclude that the coefficients of UjUm+i in the quadratic polynomial hi{Qjm+i) has to 
be equal to zero (because Qjm+i does not depend both on Uj and on Um+i)- On the other hand, 
from (|2.24|) and (|4.H1 it is not hard to get that this coefficient is equal to 

m 

-n2 



'-u^^'y 



Hence c"J^ = for all 1 < i < m, which contradicts the assumption (|4.2j) . So, relation (|4.3j) 
yields that Rj has to be divided by Qjm+i, i-e., the second divisibility condition holds. D 

Proposition 9 Suppose that for given two sub-Riemannian metrics Gi and G2 on some 
(m,m + l)- distribution D and for some open set U there exists an orbital diffeomorphism of the 
extremal flows of these metrics in some open set B in HiCi T*U , Tr{B) = U. Suppose also that 
there exists the basis (Xi, . . . , Xm) of D adapted to the ordered pair (Gi, G2), and the transition 
operator Sq has the form Sq = diag (0^(9), . . . , a^(g)) in this basis (ai > 0). Then the following 
two statements hold 

1- If 

1=^ [j G {l,...,m} : [Xj,D]{q) ^ D{q) ^q E u], (4.4) 

then ai = aj in U for all i,j G I; 
2. If a = aj, j e /, and I = <j G {I, . . . , m} : aj = a[, then 

yjel: Xj{a) = (4.5) 
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Proof. By Proposition |H1 for any j £ I the polynomial Rj is divided by ajQjm+i- But by 
(12.371) the polynomial —-rr — does not depend on j G / (because it is equal to VV^m+i)- In 
other word, 

m+l 

Rj = [y^ riuAajQjm+i, (4.6) 

where coefficients r, do not depend on j £ I. As a consequence of the last identity and (|2.37|) 
one has 

^m+1 = ^-^^i^. (4.7) 



Using (|2.6fl|) and (|4.H) . one can compare the coefficients of UiUm+i, 1 < i < m in both sides of 
K^ to get 



2 m+l _ „ ^^ „m+l 



Since by definition for any j £ I there exist 1 < i < m such that c"J 7^ 0, then 



. „. ou^.. .X.CX. r"^+^ 
,2 



Vj G / : a'j = rm+i (4.8) 

In other words, aj does not depend on j G /, which concludes the proof of the first statement 
of the proposition. 

Let us prove the second statement. From (|2.6n|) and the fact that Qj = ckj = q for all i G / 
it follows that 

Vi G / : fthe coefficient of uf in Rj) = — Xj{a'^). (4.9) 

If j G /\/, then Qjm+i = and by identity (|2.2()j) we have Rj = 0, which together with (|4.9j) 
implies that Xj(a^) = 0. 

If j G /, then comparing the coefficients of n?, i G /, i 7^ j in both sides of (|4.6j) and using 
relations ()4.9() . 1)4. 1(1 . we obtain 

^X,{a')=nc^+\ (4.10) 

Substituting identity (|4.7j) into identity (|2.21j) with s = m + l, then using (|2.53j) . and finally 
multiplying both sides on \/p, we get 

m+l ^ m V.('^2n m+l m+l m 

^l(y^ ^»'"») ~ oy^ ^ 2'^ '"jj X^ ?"ilti -Qm+lm+1 ^ '•j^j = ^Qm+lfca/c^fc (4.11) 

«=1 j=l ^i i=l i=l fc=l 

Comparing the coefficients of UjUm+i, j £ I in both sides of (|4.11|) one can obtain without 
difficulties that 



f2nc^^' + lx,{a') = o, 



i=l 



which together with ()4.1U|) implies that -^ — Xj{a'^) = 0, where rij is the number of indices i, 
1 < i < m such that c^"^ 7^ 0. Therefore Xj{a^) = for all j G /. The proof of the second 
statement is also completed. D 

As a direct consequence of Proposition|21and the previous proposition we obtain the following 

Theorem 2 // two suh-Riemannian metrics Gi and G2, defined on a contact distribution 
D, are geodesically equivalent at some point qq, then they are constantly proportional in some 
neighborhood of qq . 
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Proof. First note that it is sufficient to prove this theorem for regular qq: using the density 
of the set of regular points (Proposition ^), one can extend the theorem to the non-regular 
points by passing to the limit. If qq is regular, then there exists the basis {Xi, . . . ,Xm) of D 
adapted to the ordered pair (Gi,G2). Let, as before, the transition operator Sq has the form 
Sg = diag (af (g), . . . , a'^{q)) in this basis (a^ > 0). In the case of the contact distribution the 
set /, defined by (|4.4|) . coincides with {!,..., m}. Therefore, by consecutive use of Propositions 
Olandiniwe obtain that there exists the function a such that ai = a and Xi{a) = for any i, 
1 < i < m. This together with the fact that contact distribution is bracket generating implies 
that Oj = a = const for any i, 1 < i < m, which concludes the proof of the theorem. D 

For (2, 3)-distributions we can extend the last result from contact to all bracket-generating 
distributions, because the set of points, where bracket-generating (2, 3)- distributions are contact, 
is open and dense. Namely, we have the following 

Corollary 5 If two sub-Riemannian metrics Gi and G2, defined on a bracket- generating 
(2, 3) -distribution D, are geodesically equivalent at some point qq, then they are constantly pro- 
portional in some neighborhood of qq. 

Now consider the case of the quasi-contact distribution D. The following theorem gives the 
classification of all geodesically equivalent sub-Riemannian metrics, defined on such distribution: 

Theorem 3 Suppose that Gi and G2 are two sub-Riemannian metrics on the quasi- contact 
distribution D such that G2 ^ const Gi. Assume also that the vector field X is tangent to the 
abnormal line distribution of D and unit w.r.t. the metric Gi (i.e., Gi^{X,X) = 1). Then the 
metrics Gi and G2 are geodesically equivalent at the point qo if and only if in some neighborhood 
U of go the following four conditions hold simultaneously: 



1- If 



D,{q) = {vGD{q):Gi^iv,X) = 0}, i = 1,2, (4.12) 

then Di{q) = D2{q) and the distribution D\ is codimension 1 integrable distribution (here 

Di + [Di,Di]); 



Dl 



2. If J- is the foliation of the integral hypersurfaces of the distribution D\, then the flow e^^ 
generated by the vector field X preserves the foliation T , i.e., it maps any leaf of J- to a 
leaf of T; 

3. There exists the one-variable function f3{t), /3(0) = 1, such that if Tq is the leaf of the 



foliation T passing through qo and G\ 



e JFq, then 



Gi 



':Fo 






is the restriction of the metric Gi to the leaf 



-tx- 



*Gi 



'H 



(4.13) 



4-. There exist two constants Ci > and C2 > —1, G2 7^ 0, such that if J-q is as before and 



G, 



e'^JTo 



is the restriction of the metric G2 to the leaf e J-'q, then 



G, 



Ci 



f^o 1 + G2m 



Gi 



VgGe*^.Fo: G2,{X{q),X{q)) 



'To 



Ci 



(l + C2/3(i))' 



(4.14) 
(4.15) 
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Before proving Theorem |3J let us make some remarks. According to this theorem for the 
quasi-contact distribution D the pair (Gi, G2) of constantly non-proportional geodesically equiv- 
alent metrics at the point go is uniquely determined by fixing 

a) a vector field X tangent to the abnormal line distribution of D; 

b) a hypersurface Tq, passing through qq and transversal to the abnormal line distribution 
oiD; 

c) a sub-Riemannian metric G on the contact distribution l), defined on the hypersurface J-q 
as follows: D{q) = D{q) n TgjFo, q e J^o; 

d) a one- variable function P{t) with /3(0) = 1; 

e) two constants Ci, C2, where Ci > C2 > — 1, and C2 7^ 0. 

The metrics Gi can be uniquely recovered from the data of a)-d). For this we extend the 
distribution D and the metric G on D from J^q to M by the flow e . Namely, we set 

Vg G .Fo : 5(e*^g) = ie'^),D{q), G,txgiv,w) = Gg{ie-'^),v,{e-'^),w), v,w £ D{e'^q). 

Then the metric Gi is uniquely defined by the following two conditions: 

• for any q G e J-q on the subspace D{q) the metric Gi coincides with G multiplied by the 
factor f3{t) 

• for any q the vector X{q) is unit and orthogonal to D{q) w.r.t. Gi. 

In particular, it shows that the metrics on quasi-contact distributions, admitting constantly 
non-proportional geodesically equivalent metrics, are very special. The metric G2 is uniquely 
determined by Gi and two constants Ci and G2 with the properties prescribed in e). In other 
words, if the metric Gi admits constantly non-proportional geodesically equivalent metrics, then 
the set of such metrics is two-parametric. Note also that if one takes (72 = in statement 4 of 
Theorem 01 then the metrics are constantly proportional. 

Proof of Theorem |3J Let us prove the "only if part. Let the metrics Gi and G2 be 
geodesically equivalent. First suppose that go is regular point w.r.t. the pair (Gi, G2). As before 
let {Xi, . . . ^Xjn) be a basis of D adapted to the ordered pair (Gi,G2) and suppose that the 
transition operator Sq = diag(af (g), . . . , a^(g)) (where ai > 0) w.r.t. the basis (Xi, . . . , Xm)- 

First note that the field X has to coincide with one of the fields Xi, 1 < i < m. Otherwise, 
the set /, defined by 1)4. 4() . coincides with {1, . . . ,m}. Then by the same arguments, as in the 
proof of Theorem |21 we obtain that the metrics Gi and G2 are constantly proportional, which 
contradicts our assumptions. Without loss of generality, it can be assumed that X = Xm- 
Secondly by Proposition IHl for any 1 < i,j < m — 1 we have Oj = aj. In the sequel we set Oj = a 
for 1 < i < m — 1. 

Since the field Xm = X has no singularities, by passing to the limit one obtains that the 
adapted basis with the same properties exists also in a neighborhood of non-regular points 
w.r.t. to the pair (Gi,G2). Moreover, am 7^ «• Indeed, assuming the converse we obtain from 
the statement 2 of Proposition |H1 that the set I = {j G {l,.-- ,m} : aj = a} coincides with 
{1, . . . , m}. But from this again by the same arguments, as in the proof of Theorem |2l we obtain 
that the metrics Gi and G2 are constantly proportional, which contradicts our assumptions. 
Actually, we have shown that for geodesically equivalent metrics qo is always regular: in some 
neighborhood of qo the number of distinct eigenvalues of the transition operator is constant and 
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equal either to 1 (in this case the metrics are constantly proportional) or to 2. Besides, if Di 
and D2 are as in (|4.12|) . then 

Di= D2 = span(Xi, . . . ,X„„i). 

From (|2T7|) it follows that ^j(^)= for all 1 < i < m - 1, which together with (|I3|) 
implies 

VI < i < m - 1 : X,(q„) = 0. (4.16) 

Replacing the (|4.5() and ()4.16|) in H2.46() . we obtain also that 

Vl<i<m-1: c™=0. (4.17) 

Let us complete the adapted basis {Xi, . . . , Xm) somehow to the frame {Xi, . . . , Xm+i)- 

Lemma 10 The distribution Df = Di + [DijDi] is integrable. 

Proof. Using (|2.(i()j) and (|4.H) . let us compare the coefficients of UiUm, l<i<r?T,— lin both 
sides of 1)4. 6() . where 1 < j < m — 1. As a result, we get easily 

VI < ^ / J < m - 1 : {a'- a'jcf, = r^c^^^ + nc^^\ 



equivalent to the following identity: 



But by construction m ^ I, i.e., c™^ = for all 1 < j < m — 1. Therefore the last relation is 



Vl<^/j<m-l: c^^ = -^I^cJ+\ (4.18) 



Hence [Xi.Xj] € spanf Xi, . . . , Xm-i, J'^^i^ Xm + Xm+ij for all 1 < i, j < m - 1 or , equiva- 
lently. 



Dl = span(^i?i, -^^L_x„ + X„+i j . (4.19) 



To prove the lemma it is sufficient to prove that 



VI < i < m — 1 : 



Xi, -^ T^Xm + Xm+l 



•^m 



£ span(L>i, J"^ Xm + Xm+i) ■ (4.20) 



Using (|4.5|) and (|4.16j) . it is easy to show that (|4.2flj) is equivalent to the following identity 

X^{r^) + rmcZ + C+H(a2 - a^) - r^Cfu = (4.21) 

Let us prove identity (|4.21j) . First note that from (|4.5j) and (|4.10j) it follows easily that rj = 
for 1 < i < m — 1 (here we use also the fact that for given i, 1 < i < m — 1, there exist j, 
1 < J < m — 1, such that c^"*" 7^ 0). From this and H4.5() it follows that the identity H4.11() can 



be rewritten in the following form: 

m+l 1 \^ /' 2 \ m+1 m+1 m 

^l(X] '^«'"«) ~ n "" 2 "" '"'" y^ "^iUi - Qm+lm+1 ^ nm = '^Qm+lk^kUk (4.22) 

'i=m i=m i=m fc=l 

Comparing the coefficients of UiUm, l<i<m — lin both sides of ()4.22|) by use of H2.24() and 
1)2. 19() it is not difficult to obtain 

Xi[rjn) + fmCmi + ''^rn.+l\Cm+li + '^m+lm) ~ ^'"'^m+li'^ ~ \'^m+lm + '^m+lij'^'^rn. (4.2oj 

m+1 1 m+1 -j 



From (ESB and ^M it follows that CHi = XXu, ^m+im = ^c^+im, and cZ+u = 
^Cm+iv ■^hile by (|0)) we have r^+i = a^. Substituting all this to (|I^ we get (gUIl), which 
completes the proof of the lemma. D 
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Lemma 11 If J^ is the foliation of the integral hypersurfaces of the distribution D\, then 
the flow e^^ generated by the vector field X preserves the foliation T . 



Proof. From the previous lemma it follows that in some neighborhood U of q^ there ex- 



ist coordinates (rri, . . . ,Xm+i) such that the leaves of T are {xm = const} and X„ 



a 

' dx„ 



for some function u. By construction, all vector fields Xi with 1 < i 



Therefore c™j 



' dXm-l ' dXm + 1 ' 

H4.17() implies that Xi(y^ = for all 1 < i < m - 
equivalent to the statement of the lemma. D 



< m — 1 belong to 
for all 1 < i < rn, — 1, which together with 
1. Then v is constant on each leaf of J-, which 



Lemma 12 Relation \4-l^ holds for some one-variable function (3{t). 

Proof. Actually the proof of this lemma is very similar to the proof of Lemma |3 Since the 
vector field X = Xm satisfies [^, -D] C D, the fiow e*^ preserves the distribution D. This and 
the previous lemma implies that e preserves also the distribution Di (note that by the previous 
lemma Di{q) = D{q) f] TqT[q), where ^-{q) is the leaf of the foliation T, passing through the 
point q). 

Fix some point qi € J^o- Denote by Lq^ the abnormal extremal trajectory passing through 
qi. Fix some vector v G Ds{qi) such that Giq^{v,v) = 1. By construction for any point q G Lq^ 



such that q = e qi there exist a unique vector Y^{q) G Di{q) such that d{e' 
Denote by e„ the following function on the curve L 



-tX\ 



Mq) 



V. 



qi- 



def 



ev{q) = Giq{Y,{q),Y,{q)), q ^ L. 



11 



(4.24) 



By the same arguments as in the proof of Lemma d we obtain that the function e^ does not 
depend on the choice of the unit vector v from Di[qi). It implies that for any q in some 
neighborhood U of q^ (here any coordinate neighborhood from the proof of the previous lemma 
can be taken as U) there is I5{q) such that \i q = e^^qi, where qi G J^o, then 



Gi 



'J'o 



Piie 



-tX\* 



Gi 



'H 



Besides, similarly to (|3.20|) - (|3.21|) . we have 

X{P) 



/? 



a 



at 



X ^ 1-^ 



a 



a^ 



-1 



P 



ro 



1. 



(4.25) 



(4.26) 

(4.27) 



Finally by (|4.5j) and (|4.16j) the functions a and am are constant on each leaf of the foliation 
T. Therefore ()4.26|) - (|4.27|) implies that the function (3 is constant on each leaf of the foliation 
T too. This fact together with 1)4. 25(1 implies (|4.13|) .D 



In order to complete the proof of the " only if part it remains to prove identities ()4.14|) and 
1)4. 15() . By ()2.12|) and statement 1 of Proposition |^ 



G e*^.Fo : 



G' 



2q 



a^{q)G 



ig 



(4.28) 



Vg G e*^.Fo : 



G2,{X{q),X{q))=al{q). 



(4.29) 
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So, it remains to find the functions a and a^- As was mentioned in the proof of the previous 
lemma, the functions a and a^ are constant on each leaf of the foliation T . Besides, by ()2.47l) 

2 

we have Xrn(^^ = 0. So, 

— = C, (4.30) 

where C is constant. Then from 1)2. 46() it follows that for any j, 1 < j < ?n, — 1 

X^ (^\ = 2d^ (l - ^\ (4.31) 






By Lemmas 1101121 we can choose the coordinates {yi, . . . ,ym,t) in a neighborhood of qo such 
that qo = {0, . . . ,0) and 

X„ = I:; (4.32) 



m 



X,- = /3(t)-i/2 Yl ^i^T^' 1 < i < "i - 1- (4-33) 



fc=i 



As in (|3.17|) this yields that 



^- = -^l^"^(^)- 



Substituting the last formula in (|4.31|) . one can obtain without difficulties that 
for some constant C2, C2 > -1, C2 ^ 0. Then by (jOn]) 

"' = ^"™ = 1 + c^Pit) ^'-''^ 

Setting Ci = C^ and substituting (|05|) and (|I3I)) into (|T^ and (jO^ . we get (|I?T1)) and 
(|4.15j) . The proof of the "only if part of the theorem is completed. 

Note that in the proof of the "only if " part we actually have used all information, contained 
in (|4.())) . which is equivalent to (|2.2()j) . Also, it can be shown by direct check that if all conditions 
1-4 of Theorem 131 hold then the identity (|4.22|) holds too (but this identity is equivalent to (|2.21|) ). 
From this. Lemma 121 and Proposition |2l it follows that conditions 1-4 of the theorem are also 
sufficient for the geodesic equivalence of our metrics at go • D 

5 The case of Riemannian metrics on a surface near non- regular 
isolated point 

In the present section for the Riemannian metrics on a surface we obtain the classification 
of geodesically equivalent pairs at non-regular point (the point of bifurcation of the eigenvalues 
of the transition operator). Namely, we consider the case when two Riemannian metrics on a 
surface are proportional in an isolated point. Since the set of all 2 x 2 symmetric matrices with 
the equal eigenvalues has codimension 2 in the set of all 2 x 2 symmetric matrices, we have that 
for generic pair of Riemannian metrics on a surface the set of points of their proportionality 
consists of isolated points. Therefore its is natural to consider the case when two Riemannian 
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metrics on a surface are proportional in an isolated point. It turns out that Dini's Theorem 
(i.e., Levi-Civita's theorem in the case of a surface) can be naturally extended to this case. 

First let us formulate Dini's Theorem in the case of non-proportional metrics and analyze 
its additional features. 

Theorem 4 (Dini's Theorem) Suppose that two Riemannian metrics Gi and G2 on a sur- 
face are non-proportional at some point qq. Then they are geodesically equivalent at qq if and only 
if in some neighborhood of qo, there exist coordinates (a;i,X2), qo = {x^jX2), and one-variable 
functions /3i(xi) and I32{'^2) (l^i{x\) < /52(a;2)J such that in this coordinates 



1 1 



(dxl + dxl), (5.1) 



_/3i(a;i) (32{x2), 

II . ||2 = /3i(xi)/32(x2) (^^ - -p^) {(^ii^i)d4 + P2ix2)dxl) , (5.2) 

where \\v\\f = Gi{v,v), i = 1,2. 

The coordinates, appearing in Theorem HI will be called Dini's coordinates of the ordered 
pair of Riemannian metrics (Gi, G2). The following lemma will be useful in the sequel 

Lemma 13 If (xi,X2) and (a;i,X2) are two Dini's coordinates of the ordered pair of Rie- 
mannian metrics {Gi,G2) on the same neighborhood U , then Xi = itxj + Cj some constants Ci, 
i = 1,2. 

Proof. From Corollary |31 and the fact that in Theorem ^ we assume that /?i(x5) < I32{x^) 
it follows that the coordinate net of all Dini's coordinates on U coincide: Di = {dx2 = 0} = 
{dx2 = 0} is the line distribution of the eigenvectors of the transition operator, corresponding 
to its smallest eigenvalue, while D2 = {dxi = 0} = {dxi = 0} is the line distribution of 
the eigenvectors of the transition operator, corresponding to its biggest eigenvalue. Hence the 
transition function between the coordinates has a form x, = ^i(xj), i = 1, . . . n. Then the first 
metric is written in the coordinates (xi, . . . ,x„) as follows: 



,2/1 1 



'^ l/?l(V(xi)) /3|(^(X2)) 



Y,mx,))\dx,] 



By Remark El the coefficients of dx^ in (|5.H) do not depend on the choice of the Dini coordinates. 
Therefore (^'^(xj))^ = 1, which implies the statement of the Lemma. D 

Recall that a Riemannian metric on a surface defines the canonical conformal structure: In 
a neighborhood of any point there is a coordinate system in which the Riemannian metric has 
the form 

\\-\\'' = li{x,y){dx^ + dy^). (5.3) 

Such coordinates are called isothermal (see, for example, jSj or [^1). The transition function 
from one isothermal coordinates to some other is conformal mapping, up to the orientation, so 
the set of all charts with isothermal coordinates defines the conformal structure. Note that by 
(|5.H) all Dini's coordinates are isothermal w.r.t. the first metric Gi. 

Now suppose that the Riemannian metrics Gi and G2 are proportional at some isolated 
point (70 and geodesic equivalent in a neighborhood of this point. Choose in a neighborhood B 
of (70 some isothermal coordinates {x,y) w.r.t. the first metric Gi. Also, we can assume that the 
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metrics are geodesic equivalent in B (otherwise we can take a smaller neighborhood). By above 
for any q € B in a neighborhood Bq of q there exist Dini's coordinates (n, v) of the ordered pair 
(Gi,G2). We also can take them such that they define the same orientation as {x,y). The pair 
{Bq, u{x, y) + iv{x, y) is a function element of an analytic function. Taking one of such function 
elements and using the standard procedure of the analytic continuation, we get the analytic 
function F in the punctured neighborhood B\qQ such that each of its function elements defines 
the transition function from the chosen isothermal coordinates (x, y) to Dini's coordinates of 
the ordered pair (Gi, G2) in the neighborhood of this function element. The function F will be 
called a Dini transition function of the ordered pair of geodesic equivalent Riemannian metrics 
from the given isothermal coordinates {x,y). The following theorem gives the characterization 
of Dini's transition functions at an isolated point of the proportionality of the metrics: 

Theorem 5 // F{z) is some Dini transition function of the ordered pair of Riemannian 
metrics, which are proportional at an isolated point qo and geodesic equivalent in a neighborhood 
of this point, then the function {F')"^ has a pole of order 1 or 2 at q^. Besides, if {F')"^ has a 
pole of order 2 at q^, then the principle negative coefficient in its Laurent expansion at qo has to 
be real. 

Proof. First note that the function {F')^ is an one- valued function on some punctured 
neighborhood B\qQ of go- Indeed, by Lemma TH^ the function elements (y,Fi) and (y, F2) of F 
(with the common neighborhood of definition) satisfy 

Fi{z) = ±F2iz) + c, z = x + iy, (5.4) 

where c is some complex constant. This implies that (-F^)^ = (-^2)^- 

Now let us prove that {F')'^ has a pole at go- Indeed, suppose that in the original coordinates 
the metric Gi satisfies (|5.3|) with some function fi. Writing the metric Gi in Dini's coordinates, 
we obtain that 

where the functions (3i are as in Theorem^ The functions Pi are expressed by the eigenvalues 
Xj of the transition operator as in (|3.32() with n = 2. The condition of the proportionality of 
the metrics at go implies that 

Piiqo) = Mqo) (5.6) 

(because Xi{qo) = ^2(^0))- From this, 1)5. 5() and the fact that the function ^ has no singularity 
at go it follows that lim^^gp |F'(z)p = 00, i.e. {F')'^ has a pole at go. 

Although the function F is in general multiple- valued, by (|5.4|1 the families of the level sets of 
the function Re F (the function Im F) for all its branches coincide. By construction the function 
Pi is constant on the level set of ReF, while the function P2 is constant on the level set of ImF. 
Using this fact it is not difficult to prove that the order of pole of {F')'^ at go is not greater 
than 2. Assuming the converse, we obtain that the function F"^ also has a pole at go- So, F'^ 
maps a puncture neighborhood of go onto the neighborhood of infinity and also sends the point 
go to 00. But any level set of KeF is the preimage w.r.t. the mapping F'^ of some parabola of 
the type u = c^ — j^ on the plane w, where w = F'^{z), w = u + iv. Such parabolas have 00 
as an accumulation point. Hence go is the accumulation point of any level set of the function 
Re F. This together with the fact that /?i is constant on the level set of Re F and continuous 
at go implies that Pi is identically equal to some constant Ci in a neighborhood of go. In the 
same way, P2 is identically equal to some constant C2 there. Moreover, by (|5.Hj) Ci = C2. But 
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it means that our metrics are proportional in the neighborhood of qo, which contradicts our 
assumptions. So, the order of pole of {F')'^ at qo is not greater than 2. 

To complete the proof of the theorem it remains to show that if (-F')^ ^^s a pole of order 2 at 
qo, then the principle negative coefficient in its Laurent expansion at go is real. Indeed, if {F')'^ 
has a pole of order 2 with the principle negative coefficient a in its Laurent expansion at qo, 
then F has the logarithmic singularity at qo with coefficient ^/a near the logarithm. In this case 
after the appropriate change of independent variable z in a neighborhood of qo (i.e., conformal 
change of coordinates in a neighborhood of qo) one can get F{z) = ^/alogz, qo = 0. But if a is 
not real, then ^/a is neither real nor pure imaginary. In this case all level sets of both HeF and 
ImF are spirals having qo, as an accumulation point. As above, it implies that functions Pi and 
/32 are equal to the same constant, which is impossible. The proof of the theorem is completed. 
D 

According to the previous theorem only the following two situation are possible at an isolated 
point of proportionality of two metrics: 

1) {F')'^ has a simple pole at qo <^ F(z) = y^G{z) for some analytic function G{z), having 
at qo zero of order 1 (i.e., F has the "square root" singularity at qo)- In this case after the 
appropriate change of independent variable z in a neighborhood of go one can get F{z) = \fz, 
Qo = 0; 

2) F' has a simple pole at go with real or pure imaginary residue at go "^ ^i^) has the 
logarithmic singularity at go with real or pure imaginary coefficient b near logarithm. In this 
case after the appropriate change of independent variable z in a neighborhood of go one can get 
F{z) = blogz, qo = 0, where b is real or pure imaginary constant. If b is real then the level 
sets of Im F{z) are the rays, starting at 0. Hence by the same argument as in the proof of the 
previous theorem we can conclude that the function (32 is constant. Besides, the function /3i in 
this case depends only on |z| (here /3j as in Theorem^. In the same way, if b is pure imaginary, 
then /3i is constant and (32 depends only on \z\. 

Using 1), 2) and Theorem ^ we obtain without difficulties the following analog of Dini's 
Theorem: 

Theorem 6 (Generalization of Dini's Theorem to the case of an isolated non-regular point) 
Two Rieniannian metrics Gi and G2 on a surface M , which are proportional in an isolated point 
qo, are geodesic equivalent in a neighborhood of this point if and only if one of the following two 
conditions holds: 

1. In a neighborhood of qo, there exist coordinates {x,y), qo = (0,0) and two one-variable 
smooth functions U and V , satisfying < U{u) < V{0) = U{0) < V{v) for all positive u 
and V, U'{0) = —V'{0), and V'{0) > 0, such that in the punctured neighborhood of qo the 
metrics Gi and G2 satisfy 

I? = I -r^—lX - -r^-7:X 1 Udr' + r'dO^ (5.7) 



[/(rcos2f) y(rsin2|)y4r 
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where 



— ({A - S cose)dr^ - 2Sr sinedrde + (A + S cose)r^de^) , (5.8) 

8r ' 



A = U{rcos^-j +V{rsin^-j, S = v(rsin^-j -[/(rcos^-V 
and (r, 9) are the corresponding polar coordinates; 
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2. In a neighborhood ofqo, there exist coordinates {x,y), qq = (0,0), positive constants a, C, 
and an one-variable smooth functions R{r), satisfying R{r) ^ -R(O) for r > 0, -R(O) = C , 
R'{0) = 0, and R"{0) / 0, such that in the punctured neighborhood of qq the metrics Gi 
and G2 satisfy 

1 1 



C R{r) 



aCR{r) 



|2 

I2 - ^2 



1 



;{dr^ + r'de'), (5.9) 



R{r)dr^ + Cr^de^), (5.10) 



C R{r 
where (r, 6) are the corresponding polar coordinates. 

Remark 4 The conditions on the functions U and V in the case 1 and on R in the case 2 
follows easily from the fact that the metrics are positive definite and nonsingular at qq . 

Remark 5 Using the standard arguments of Complex Analysis, one can show that for the 
pair of geodesically equivalent metrics the set of non-regular points cannot be a rectifiable curve 
T: in this case one can construct an one-valued Dini transition conformal function out of T 
which goes to infinity, when one tends to T. Then by Morera Theorem the function 1/F is 
analytic and equal to zero on T and so everywhere, which is impossible. 
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